x1 Introduction
In this paper we consider the Cauchy problem with rapidly oscillating initial data for the general derivative nonlinear Schr odinger equation (GDNLS equation for short); i h t + h 2 2 xx + i h f(j j 2 ) x = 0 ;
(1:1a) h (0; x) = h 0 (x) = A h 0 (x) exp i h S 0 (x) ;
(1:1b)
where f 2 C 1 (R + ; R), S 0 2 H s (R) for s large enough, and A h 0 is a function, polynomial in h, with coe cients of Sobolev regularity in x. We will study the behaviour of solutions of the problem (1:1a), (1:1b) as h ! +0 and ?1 < x < 1, 0 t T, i.e., within an arbitrary nite time T. The corresponding asymptotic formulae are said to be a \semi-classical approximation" or \semi-classical asymptotics".
When f( ) = , the GDNLS equation (1.1) reduces to the typical derivative nonlinear Schr odinger equation (DNLS equation for short);
t + i h xx (j j 2 ) x = 0 :
(1:2) This equation was derived by Mjolhus Mj] and Mio et al. Mi] to study the propagation of circular polarized nonlinear Alfv en waves in plasma. The general scheme for solving the DLNS equation has been given by Kaup and Newell in terms of the inverse scattering method KN] . The global existence in time of Schwartz class was shown by Lee L1] .
For the nonlinear Schr odinger equation of the form ?i h t ? h 2 2 xx + f(j j 2 ) = 0 ;
(1:3) the semiclassical limit for initial data with Sobolev regularity in short time has been obtained by . In particular, for one space dimension and f( ) = , Jin, use the integrability of the cubic nonlinear Schr odinger equation (NLS equation) to establish the semiclassical limit of the one-dimensional defocusing cubic nonlinear Schr odinger equation. Indeed, they obtain the global characterization of the weak limits of the entire NLS hierachy of conserved densities as the eld evolves from re ectionless initial data under all the associated commuting ows.
The semiclassical limit of the GDNLS equation can be discussed in the similar strategy as G1-2] but (1.1) has a space derivative in the nonlinear term which causes the so-called derivative loss. Thus the GDNLS equation does not possess parity and Galilean invariance and therefore the canonical momentum is not conservative. To overcome this di culty, we introduce the noncanonical momentum which is indeed the conservative quantity of the GDNLS equation and represent (1.1) as a dispersive perturbation of the modi ed Euler system in section 2.
Based on Schr odinger's original idea on reformulation of the quantum mechanics in terms of the pair time re ection invariant di usion equations Na], the Schr odinger type equations can represented as a dispersive perturbation of a symmetric quasilinear hyperbolic system ( SW], G1-2] , PLL]). In this case, the amplitute of the wave function must be interpreted as a complex-valued function. However, due to the hyperbolic nature of the limiting system, this approach only works before the shocks occur. After the breaktime the conserved densities can be expected to have weak limits at best.
The outline of the paper is as follows. In section 2 we establish the hydrodynamical structure and the local conservation laws of the GDNLS equation. The similarity and di erence between the NLS and GDNLS equations are also discussed. We represent the GDNLS equation as a dispersive perturbation of a symmetric quasilinear hyperbolic system in section 3. The local existence and uniqueness of the smooth solutions of the GDNLS equation are obtained by employing the classical quasilinear hyperbolic system theory. Moreover, the semiclassical limit and the WKB expansion of the GDNLS equation are also studied in detail. The section 4 is devoted to the DNLS equation. We apply the Lax's theory to prove the strict hyperbolicity and genuine nonlinearity for the dispersion limit of the DNLS equation. where = u is the momentum, and P 0 denotes P 0 ( ) = 2 f 0 ( ) = 00 ( ).
>From (2:5a), using the fact that P( ) = 0 ( ) ? ( ), one obtains
(2:9)
(after omitting the integration constant)
(2:10) Adding (2.8) (2.9) together yields @ t ( + ) + @ x ( + )u + @ x f + Pu + @ x = h 2 4 @ x ( @ 2 x log ) (2:11)
Let M = + ( ) be the noncanonical momentum then using the fact that Q( ) = 2 f( ) ? 1 2 ( ), the system (2.5) can be rewritten in terms of ( ; M) The hydrodynamical structure also implies the conservation laws of the GDNLS equation (2.1). 
Proof. Although the theorem follows directly from (2.13), but we will derive the same result from the GDNLS equation (2.1) directly. In this way we can see the relation between classical and quantum aspects.
We multiply (2.1) by and its complex conjugate by , and substract the latter from the former to obtain
(2:17)
Since the third term of (2.17) depends only on = j j 2 , then integration with respect to x in ?1 < x < 1 gives d dt
This proves (2:15a). We multiply (2.1) by x and its complex conjugate by x , and then add them to obtain
We di erentiate (2.1) and its complex conjugate with respect to x, and multi- which is the wave function form of (2:5a) or (2:13a). Since = j j 2 = , x3 Semiclassical Limit (Classical Solutions)
We will use the hydrodynamical structure of the GDNLS equation derived in the previous section to study its semiclassical limit. The typical semiclassical limit problem of the GDNLS equationis described as follows ( see JLM2 where the (nonnegative) amplitude A 0 (x) and (real) phase S 0 (x) are assumed to be smooth and independent of h. The initial conserved densities are then
The semiclassical limit is then to determine the limiting behaviour of any function of the eld h as h ! 0. Arguing formally, it is natural to conjecture that the O( h 2 ) dispersive term appearing in (2:13b) is negligible as h ! 0, and the limiting densities and M satisfy the hyperbolic system (the modi ed This argument is self-consistent only if the solution of the modi ed Euler system (3.2) remains classical.
To study the semiclassical limit of the GDNLS equation we have to show the existence of a smooth solutions h of (3:1) on a nite time 0; T] independent of h, for initial data A h 0 (x) and S h 0 (x) with Sobolev regularity rst. Following the idea of SW] and G1-2] we transform the GDNLS equation to a dispersive perturbation of a quasilinear symmetric hyperbolic system. As suggested by Grenier G1-2], we will look for solutions h of the form h (t; x) = A h (t; x) exp i h S h (t; x) (3:3)
where the complex-value function A h = a h + ib h represents the amplitute and the real-valued S h represents the phase. For further reference, we ignore the superscripts p and consider U 2 C 1 , V 2 C 1 satisfying S(V )U t +Ã(V )U x = h 2L (U); U(0; x) = U 0 (x) (3:11) The canonical energy associated with the dispersive peuturbation of the symmetric hyperbolic system (3.11) is de ned by the scalar product kU(t)k 2 E Z hSU;Uidx:
Let for a certain T the function U(t; x) be a solution of (3.11) of class C 2 ( 0; T] , which is of compact support in x for each t in 0 t T. (3:24) and hence the constructed solutions are classical. The uniqueness of the classical solutions to the IVP for (3.4) or (3.5) follows from a straightforward energy estimate for the di erence of two solutions. Therefore we have proven the existence and uniqueness of the classical solution of the dispersive pertubation of the quasilinear symmetric system (3.4). and T depends on the bound C 1 in (3:25) and in particular, not on h. In addition, the solution U h = (a h ; b h ; w h ) t satis es the estimate kU h k H s = ka h k H s + kb h k H s + kw h k H s < C 2 (3:28) for all t 2 0; T]. The constant C 2 is also independent of h. For classical solution, the GDNLS equation (3.1) is equivalent to the dispersive quasilinear hyperbolic system (3.5). Applying this equivalent relation the theorem follows immediately by (3.1) Proposition.
The limit system of (3.5) is the quasilinear symmetric hyperbolic system (formally letting h ! 0) U t + A(U)U x = 0; U(t; x) = (a; b; w) t U(0; x) = U 0 (x) = (a 0 (x); b 0 (x); w 0 (x)) t (3:29) 14 which is equivalent to (3.2) as long as the solutions are smooth. Indeed, it is possible to pass to the limit h ! 0 in (3.5). To ensure the strong convergence of h to a classical solution of the quasilinear linear hyperbolic system (3.2) we require the hypothesis that we are near the GDNLS equation (3.1) initially. 
Once the symmetrizer S(U + V h ) is positive de nite for all h, the energy estimates of the previous result is applicable to (3:30 
The Cauchy-Schwartz inequality implies
By applying Gronwall inequality and the strict positivity of S(U + V h ), we deduce the energy inequality kV h k L 2 C( h) with C( h) ! 0 as h ! 0. This completes the proof of the theorem.
This theorem shows that the regularity of the solutions of the quasilinear symmetric hyperbolic system (3.27) controls that of solutions to the (3.5), or equivalently the GDNLS equation.
We look for formally asymptotic solutions of (3.5) in the form U h = U (0) + hU (1) + h 2 U (2) + + h N U (N) + (3:35)
16
The hierarchy now reads Notice that no extraction of subsequence is needed forŨ h 1 due to the uniqueness. In fact, the whole sequence converges to U (1) . Similarly, the N-th order approximation is obtained as follows. x4 Hyperbolic Nature and Local Dynamics (Cubic Nonlinear Case)
In this section we still use the hydrodynamics structure of section 2 to show the strict hyperbolicity and genuine nonlinearity for the dispersion limit of the
